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The value of the function mod is the remainder after dividing the integer argument by d, 
where d is an integer greater than 1. More precisely and formally, 

Definition: The domain of the function mod is  and 

mod(a, d) = a − [max n : n∈  ∧ n*d≤a : n*d] [see Appendix for this notation] 

Note that mod is a function of the two variables a and d, where a∈ , d∈ , and d>1. In the 
expressions below involving the function mod, the argument d is not written in the argument 
list but is always implicitly assumed. 

The range of the function mod is the set of all non-negative integers less than d. Formally, 

mod:  × [∪ d : d∈  ∧ 1 < d : {d}] → [∪ r : r∈  ∧ 0 ≤ r < d : {r}] 

Typically, the argument a of the function mod is a non-negative integer, but mod is formally 
defined here for all integer values of the argument a – negative, zero and positive. 

Bounds: For any integer a the value of mod(a) is a non-negative integer less than the divisor 
d: 

a∈  ⇒ mod(a)∈  ∧ 0 ≤ mod(a) < d 

Relationship between a and mod(a): For any integer a, the value of a is some multiple of d 
plus mod(a): 

[∧ a : a∈  : [∃ n : n∈  : a = n*d + mod(a)]] 

Addition with multiples of d: The argument of a mod function can be increased or decreased 
by any multiple of the divisor d: 

[∧ n : n∈  : mod(a+n*d) = mod(a)] 

Addition: The mod of a sum is the mod of the sum of the mods, with intermediate original 
summands permitted: 

[∧ a, b : a∈  ∧ b∈  : 

mod(a+b) = mod(mod(a)+b) = mod(a+mod(b)) = mod(mod(a)+mod(b))] 

Multiplication: The mod of a product is the mod of the product of the mods, with 
intermediate original multiplicands permitted: 

[∧ a, b : a∈  ∧ b∈  : 

mod(a*b) = mod(mod(a)*b) = mod(a*mod(b)) = mod(mod(a)*mod(b))] 

Exponentiation: The mod of a number raised to a power follows directly from the above rule 
for multiplication: 

[∧ a, b : a∈  ∧ b∈ 0 : mod(a^b) = mod(mod(a)^b)] 
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The mod of the exponent alone does not appear in the expression. It is not always true that 
mod(a^b) and mod(mod(a)^mod(b)) are equal. 

Equality: The expression (mod(a) = r) can be rewritten in different forms: 

[∧ a, n, r : a∈  ∧ n∈  ∧ r∈  ∧ 0 ≤ r < d : 

(mod(a) = r) 

= (mod(a + n*d − r) = 0) 

= (mod(a − r) = 0) ] 

Equality with zero: The expression (mod(a+b)=0) can be rewritten in different forms: 

[∧ a, b : a∈  ∧ b∈  ∧ (mod(a)≠0 ∨ mod(b)≠0) : (mod(a+b)=0) = (mod(a)+mod(b)=d)] 

The expression (mod(a+b*c)=0) can be rewritten in different forms: 

[∧ a, b : a∈  ∧ b∈  ∧ c∈  ∧ (mod(a)≠0 ∨ mod(b*c)≠0) : 

(mod(a+b*c)=0) 

= (mod(a)+mod(b*c) = d) 

= (mod(a)+mod(mod(b)*mod(c)) = d) 

= (mod(mod(b)*mod(c)) = d−mod(a)) ] 

Solving the equation mod(a+b*c)=0 for c: If a and b are given integers, then the equation 
(mod(a+b*c)=0) has the solution set  for integer values of c, where 

(a, b) = [∪ c : c∈  ∧ mod(a+b*c)=0 : {c}] 

The structure of the solution set (a, b) above depends upon certain characteristics of a and b 
as shown in the table below. 

a b solution set (a, b) above 
divisible by d 

mod(a)=0 
divisible by d 

mod(b)=0 
divisible by d 

mod(a)=0 
not divisible by d

mod(b)≠0 
 set of all integers c such that 

b*c is divisible by d 
[∪ c : c∈  ∧ mod(b*c)=0 : {c}] 

not divisible by d 
mod(a)≠0 

divisible by d 
mod(b)=0 

∅ 
empty set, no solution 

not divisible by d 
mod(a)≠0 

not divisible by d
mod(b)≠0 

set of all integers c such that 
(a+b*c) is divisible by d 

as defined above 

In those cases in which b is not divisible by d, the solution set may or may not be empty. If b 
and d have no common prime factors, then exactly one value of mod(c) will satisfy the 
equation; all values of c with the same value of mod(c) will then, of course, also satisfy the 
equation. If b and d have one or more common factors, then it will depend upon the value of 
the variable a whether or not the set (a, b) is empty. 
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Appendix on the notation [… : … : …]: 

The notational form 

[function i, j, k … : range(i, j, k …) : TemplateTerm(i, j, k …)] 

is a generalization of the various forms for quantified expressions in mathematics, including 
series for adding or multiplying a variable number of terms. The parts of the above template 
expression mean the following: 

• function is the name or infix symbol for the function being repeatedly applied, 
• i, j, k … is a list of the quantified variables (the “bound”, “running”, “dummy” variables), 
• range(i, j, k …) is a Boolean function specifying the values for the quantified variables to 

be included in the quantification and 
• TemplateTerm(i, j, k …) is the template for forming the actual terms to which the function 

is to be applied. 

These, and only these, are the essential elements of any quantified expression. 

For example, the expression 

[max n : n∈  ∧ n*d≤a : n*d] 

means in mathematically vernacular English “for all integers n such that the product of n and 
d is less than or equal to a, the maximum value of the product of n and d”. More freely 
translated into English, it means “the maximum value of n times d such that this product is 
less than or equal to a, where n is an integer”. 

For a more complete description of this notational form, see section 3.4.8 Notation for Series 
and Quantification in the book The Language of Mathematics: Utilizing Math in Practice, 
by Robert Laurence Baber, published by John Wiley & Sons, Inc. in 2011. For more 
information on this book, see http://Language-of-Mathematics.eu. 
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