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1. Introduction 

Boolean algebra is that part of mathematics that deals with solving problems involving only two 
values. Among these problems are those involving only the values false and true, i.e. logical 
problems. The name “Boolean” is applied to this part of mathematics because George Boole (1815-
1864) played a major role in initiating the development of this branch of mathematics. 

Because Boolean algebra deals with only two values (false and true or in some application areas 0 
and 1, off and on, no and yes, open and closed, etc.), it is the simplest part of mathematics that is 
useful. Conceptually it underlies mathematical proofs at least as long ago as in early Greek geometry. 
It is surprising, therefore, that it was formalized only some 2000 years later and that even today it is 
treated only informally, implicitly and superficially – if at all – in many mathematics courses in 
schools and some even in universities. Pupils and students are expected today to acquire implicitly 
an understanding of the logic underlying mathematical proofs and derivations. By covering this 
material explicitly, students can learn this material more easily, quickly and thoroughly and will be 
able to use it more extensively and explicitly to other types of problems. 

Boolean algebra is used today in various application areas. The logical design of computer circuitry 
is based on Boolean algebra. The design of substantial parts of many control systems (e.g. for 
elevators, electrical appliances of many types, river locks for boats, etc.) is based on Boolean algebra. 
It is also useful in the design of software for technical, business and many other applications. 

I suggest that you start by looking at (skimming) this entire paper first. Then read and solve the 
exercises in sections 2 and 3. If, while reading and working on sections 2 and 3 you have the urge to 
go to section 4, do so, but return to sections 2 and 3 if you find that you need additional knowledge 
and experience manipulating Boolean algebraic expressions. Then study section 4. Finally, solve the 
exercises in section 5. Then read the summary in section 6. 

2. Boolean algebra 

Boolean algebra deals with values in the set IB ={false, true}. Several functions with values in this 
set are defined and various relationships between these Boolean functions are proved. 

2.1. Definitions of Boolean functions 

The most commonly used functions that map one or two Boolean values to a Boolean value are: 

not (negation): This function of a single argument maps false to true and true to false. It is 
represented by the symbol ¬ in mathematical expressions. 

or: If either of the two arguments of this function is true, the value of the function is true. 
Otherwise, the value of the function is false. 

and: If both of the two arguments of this function are true, the value of the function is true. 
Otherwise, the value of the function is false. 

implication: If the first argument of this function is true but the second argument is false, the 
value of the function is false. Otherwise the value of the function is true. 

equals (equivalence): If both of the two arguments of this function have the same value, the 
value of the function is true. Otherwise the value of the function is false. 
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In mathematical expressions these Boolean functions are represented by the following symbols: 

not (negation): ¬ 
or: ∨ 
and: ∧ 
implication: ⇒ 
equals (equivalence): either = or ≡ or ⇔ 

The symbol ≡ is sometimes used instead of = to indicate explicitly that the two values being compared 
are Boolean values, not numbers. The symbol ⇔ is sometimes used to call attention to the fact that a 
mutual implication (i.e. that both a⇒b and b⇒a are true) is meant. Applied to Boolean values all three 
symbols (=, ≡, ⇔) have the same meaning, as is indicated in the second truth table below. 

An alternative notation for negation (¬) is sometimes used in certain application areas. Instead of 
prefixing the expression to be negated by the symbol ¬, a bar is drawn over the expression in question, 
for example (a∧b)  is written instead of ¬(a∧b). 

The following “truth tables” define these functions explicitly: 

a ¬a 

false true 

true false 

 

a b a∨b a∧b a⇒b a=b, a≡b, a⇔b 

false false false false true true 

false true true false true false 

true false true false false false 

true true true true true true 

 
To avoid confusing the symbols ∨ and  ∧, the following memory aid is useful: Think of the two 
symbols as open jars. When it rains, the jar with the opening upward (∨) will catch more rain water 
than the jar with the opening downward (∧). Correspondingly, the “or” (∨) function “catches” more 
true values (3 in the above table) than the “and” (∧) function does (only 1 in the above table). 

Keep in mind: A truth table of the type above is always useful as a last resort when trying to prove 
something involving Boolean algebraic expressions. Often algebraic manipulation is quicker, but a 
truth table always leads directly to a clear result. 

2.2. Useful relationships between Boolean functions 

The following are useful relationships between these Boolean functions of Boolean variables. With 
them, many expressions arising in practice can be simplified. The reader should verify them, either 
with a truth table or by algebraic manipulation. Blank work sheets are provided at the end of this file. 
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Notice that the Boolean functions or and and share some of the algebraic characterics of numerical 
addition and multiplication, but there are some differences. For example, multiplication distributes 
over addition: x*(y+z)=x*y+x*z, but addition does not distribute over multiplication: x+(y*z) is not, 
in general, equal to (x+y)*(x+z). In the case of the Boolean functions or and and however, each 
distributes over the other, see 5 and 6 below. 

1. (a ∧ b) = (b ∧ a) ∧ is commutative 
2. (a ∨ b) = (b ∨ a) ∨ is commutative 
 
3. (a ∧ (b ∧ c)) = ((a ∧ b) ∧ c) ∧ is associative 
4. (a ∨ (b ∨ c)) = ((a ∨ b) ∨ c) ∨ is associative 
 
5. (a ∧ (b ∨ c)) = ((a ∧ b) ∨ (a ∧ c)) ∧ distributes over ∨  
6. (a ∨ (b ∧ c)) = ((a ∨ b) ∧ (a ∨ c)) ∨ distributes over ∧ 
 
7. (a ∧ ¬a) = false ∧ simplifications 
8. (a ∧ false) = false " 
9. (a ∧ a) = a " 
10. (a ∧ true) = a " 
 
11. (a ∨ false) = a ∨ simplifications 
12. (a ∨ a) = a " 
13. (a ∨ true) = true " 
14. (a ∨ ¬a) = true " 
 
15. (a ∨ (a ∧ b)) = a Term absorbtion 
16. (a ∨ (¬a ∧ b)) = (a ∨ b) " 
 
17. (¬(¬a)) = a Negation is its own inverse 
 
18. (¬(a ∧ b)) = ((¬a) ∨ (¬b)) Note this pattern: negation “reverses” a, b and the function 
19. (¬(a ∨ b)) = ((¬a) ∧ (¬b)) " 
 
20. (a ⇒ b) = (¬(a ∧ ¬b)) Reduction of expressions involving implication (⇒) 
21. (a ⇒ b) = ((¬a) ∨ b) " 
22. (a ⇒ b) = ((¬b) ⇒ (¬a))  " negate variables, reverse implication 
23. (c ∧ (a ⇒ b)) = (c ∧ ((c ∧ a) ⇒ b))  " 
24. (a⇒(b=c)) = ((a ∧ b)=(a ∧ c))  " 
25. (a⇒(b=c)) ⇒ ((a ∧ b)=(a ∧ c))  " 
26. ((a ⇒ b) ∧ (b ⇒ c)) ⇒ (a ⇒ c) " 

27. (a = b) = ((a ∧ b) ∨ (¬a ∧ ¬b)) Equality 
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2.3. Binding order 

In an expression the various functions are evaluated in the following order unless otherwise indicated 
by parentheses: 

↑ (exponentiation) 
+, - (sign, one argument) 
*, / (multiplication, division) 
+, - (addition, subtraction, two arguments) 
<, >, =, ≤, ≥, ≠ (relations) 
¬ (not) (logical function) 
∧ (and) " 
∨ (or) " 
⇒, ⇐, ⇔ (logical implications) 

Functions at the same binding level are evaluated from left to right. Note that the equals sign (=) binds 
more tightly than the logical functions. One should, therefore, pay particular attention to enclosing 
Boolean expressions in parentheses before and after an equals sign when required. One could 
circumvent this potential problem by placing the equivalence symbol (≡) in the bottom group above, 
together with the logical implications, but this is not a well established convention. 

In any case, include parentheses when in doubt. Parentheses take precedence over the binding order 
above. 

3. Algebraic exercises 

Simplify or expand the following Boolean expressions: 

1. a ∧ (b ⇒ c) 
2. a ∨ (b ⇒ c) 
3. (a ∧ b) ⇒ c 
4. (a ∨ b) ⇒ c 
5. (a ∨ b) ∧ (c ∨ d) 

Note that the following expressions involve numerical as well as Boolean variables: 

6. -x>0 ∧ x<0 ∨ x>0 ∧ ¬(x<0) 
7. -x≥0 ∧ x<0 ∨ x≥0 ∧ ¬(x<0) 
8. -x<0 ∧ x<0 ∨ x<0 ∧ ¬(x<0) 
9. -x≤0 ∧ x<0 ∨ x≤0 ∧ ¬(x<0) 
10. (ia≤na ∨ ib≤nb) ∧ (ib>nb ∨ ia≤na ∧ A(ia)≤B(ib)) 
11. (ia≤na ∨ ib≤nb) ∧ (ib>nb ∨ ia≤na ∧ ib≤nb ∧ A(ia)≤B(ib)) 
12. ¬(ib>nb ∨ ia≤na ∧ A(ia)≤B(ib)) 

Let a, b and c be Boolean variables or functions (i.e. with values in IB = {false, true}). The function 
F is defined as follows: 

F = b, if a = true, 
 = c, if a = false 

Write an equivalent expression for F using only a, b, c, and the Boolean functions ∧, ∨ and 
¬. Prove that your expression for F satisifes the definition above. 

4. Boolean algebraic expressions and mathematical proofs 

Boolean algebra underlies in effect all mathematical proofs, even if Boolean algebraic expressions 
are not explicitly present throughout typical proofs. Typically proofs consist of a sequence of 
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equations that follow from one another, but the relationships between the equations are not explicitly 
defined in writing. Consider, for example, the following theorem and a typical proof. 

Theorem: The square root of 2 is not a rational number, that is, there are no two positive integers j 
and k such that (j/k)2 = 2. (Only positive integers need to be considered here.) 

Typical proof: Prove by contradiction, i.e. assume that there are two integers j and k such that 
(j/k)2 = 2 and show that this leads to a contradiction, i.e. show that [(j/k)2 = 2] = false for all positive 
integers j and k. 

(j/k)2 = 2 Note that this equation is a Boolean expression, i.e. with value false or true. 

j2 = 2 * k2 " 

Consider the prime factorization of j and k. (The prime factorization of any positive integer is known 
to be unique.) Let n2(i) be the number of times 2 appears in the prime factorization of its argument i. 
Then the following equality follows from the above equation: 

n2(j2) = n2(2 * k2) 

2 * n2(j) = 1 + 2 * n2(k) 

The left side of the above equation is an even number, but the right side is an odd number. Therefore, 
the value of the last equation above is “false”. Thus there is a contradiction, and the square root of 2 
cannot be a rational number. [end of the typical proof] 

Notice that the above proof is a less explicit form of the following Boolean algebraic form of this 
theorem and its proof: 

{[(j/k)2 = 2] ⇒ [j2 = 2 * k2]} This line break is not syntactically significant, 

∧ {[j2 = 2 * k2] ⇒ [n2(j2) = n2(2 * k2)]} all four lines constitute 

∧{[n2(j2) = n2(2 * k2)] ⇒ [2 * n2(j) = 1 + 2 * n2(k)]} a single 

 ∧ {[2 * n2(j) = 1 + 2 * n2(k)] = false} Boolean expression. 

The entire Boolean expression above can be reduced to 

[(j/k)2 = 2] = false 4.1 

How? Hint: if the value of the expression (a=false) is assumed to be true, then the value of a must 
be false. Why? Similarly, if the value of the expression (a⇒false) is assumed to be true, then the 
value of a must be false, i.e. a=false. See the definition of a⇒b, where b is false. 

The Boolean expression 4.1 above is the essence of the theorem and the summary of its proof. It 
simply states that the Boolean expression [(j/k)2 = 2] is always false, i.e., that every combination of 
a positive integer j and a positive integer k fails to satisfy the Boolean expression [(j/k)2 = 2]. This 
is characteristic of a proof by contradiction. In a positively stated proof the corresponding Boolean 
expression representing the theorem is shown to be true. 

The typical form of this proof above is perhaps easier to write and to read, but mainly because we are 
much more accustomed to it. In any case, the relationships between the lines of the typical proof are 
not usually stated precisely (i.e. whether they are implications or equalities). 

Note that in the typical proof above the relationship between steps was not specified, i.e. whether two 
adjacent steps were equal or whether the preceding one implied the following one. In the Boolean 
algebraic form of the proof the relationship between the steps was assumed to be the weaker 
implication. It is left as an exercise for the reader to review the Boolean algebraic proof above, 
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identifying which steps are equalities and which are implications. What difference does it make? 
Which is simpler? Which conveys more information? 

5. Word exercises 

5.1.1 A lock on a river 

On an inland river there are locks for raising and lowering ships and boats between the two different 
levels of the water. At the upstream (higher) end of the lock there is a gate that can be opened or 
closed. At the downstream (lower) end of the lock there is another such gate. The water level between 
the two gates can be raised or lowered by allowing water to flow into or out of the space between the 
two gates, thereby raising or lowering ships or boats between the two levels of water in the river. 

 
Among the many parts of the lock system there are water level sensors (ws in the diagram above). 
These sensors are positioned inside the lock, one at the level of the water up stream and the other at 
the level of the water down stream. 

Each water level sensor consists of two water detectors at slightly different heights (a few centimeters 
apart). Each detector delivers an electrical signal which we will model by a Boolean variable 
indicating whether or not the detector in question detects water (true) or not (false). We will call this 
variable wd(sensor, level), where wd is an abbreviation for “water detector”, sensor is either 
“upstream” or “downstream”, and level is either “high” or “low” depending upon the detector in the 
sensor. The value of the variable wd(sensor, level) will be either true (for water detected) or false (for 
water not detected). 

Exercise: Write a Boolean expression for wsinrange(sensor) as a function of the values of the two 
variables wd(sensor, low) and wd(sensor, high). The value of the variable wsinrange(sensor) should 
be true if the water level is between the two detectors in the sensor in question and false otherwise. 

ws 

ws 
Up stream 

Down stream 

Downstream 
gate 

Upstream 
gate 

wd(sensor, high) 

wd(sensor, low) 

water level sensor 

water level 
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5.1.2 Increasing the reliability of the water level sensing for a lock on a river 

The water level sensors (see section 5.1.1 above) are connected with a central control system which 
coordinates all parts of the lock control system. Two of the several output signals of the central control 
system are commands to the gate controllers to open one of the two gates of the lock. 
 

 
For safety and reliability reasons the system designers decided that additional components – 
completely independent of the Central Control System – should be added to ensure that the failure of 
a water sensor or of a component in the central control system could not result in a signal to a gate 
controller to open a gate when the water level in the lock is not at the appropriate level. Among the 
additional components is an independent second water level sensor for each level. 

Exercise: For each gate controller (upstream and downstream) write the appropriate Boolean 
equation(s) for such a restraint. Your Boolean equation(s) should provide for two output signals: one 
to instruct the gate controller to open the gate and the other to indicate that a fault condition has arisen. 
Indicate where in the above diagram the components to implement your Boolean equation(s) should 
be placed. 

5.2 A single position of a binary adder in computer hardware 

The circuit for the binary adder in a computer consists of a number of single position adder circuits. 
Each single position adder has three binary inputs (two for the numbers to be added and a carry 
position) and two binary outputs (the result for the current position and a carry to the next position). 
The binary digit 0 is represented by the Boolean value false, and the binary digit 1, by true. 

Exercise: Write Boolean expressions for the output value OV and the output carry OC. The input 
values are represented by the Boolean variables a, b and c. (Hint: first construct a table for all possible 
input values.) 

Do your solutions for OV and OC contain any identical subexpressions? If so, how might they be 
used to minimize the circuitry required to deliver the outputs OV and OC? 

Central 
Control 
System 

Operator control panel 

wsinrange(upstream) 

wsinrange(downstream) 

Other input and 
output signals 

opengate(upstream) 

opengate(downstream) 
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5.3 The Paradox of the Barber of Seville 

This is one of several well known logically equivalent paradoxes. The liar’s paradox and Russell’s 
paradox are other well known formulations. 

Figaro, the Barber of Seville, shaves those men of Seville, and only those men, who do not shave 
themselves. 

Question: Does Figaro shave himself? What, most simply stated, does this result mean? 

Hint: Define the Boolean function shaves(m, n) to mean “person m shaves person n”. Then express 
mathematically the first statement above about Figaro as a Boolean expression. What does the 
resulting Boolean expression say about Figaro shaving himself? 

5.4 What does George make and sell? 

George does not make that which he sells. He sells everything that he makes. 

Questions: Does George make anything? Does he sell anything? 

Hint: First translate these English statements into Boolean algebraic expressions. Then solve those 
algebraic expressions for the Boolean variables representing what George makes and what he sells. 

After solving this problem, see section 5 of the pdf file AddNotesLanguageOfMathematics.pdf for 
comments and additional solution techniques. 

5.5 The logical “but” (1) 

Translate the following English sentence into a Boolean expression: 

The sun is shining but it is raining anyway. 

Question: What Boolean function is logically equivalent to the English conjunction “but”? In what 
ways are they similar to each other? In what ways do they differ? 

5.6 The logical “but” (2) 

Translate the following English sentence into a Boolean expression: 

If a block of ice is covered with a blanket, the ice will melt, but only if the blanket is an electrical 
one. 

 
Single position 
binary adder 

 

a         b         c    
 

OV OC 

carry 

http://rlbaber.eu/LanguageMath/AddNotesLanguageOfMathematics.pdf
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Questions: 

1. Is anything missing from either the English sentence above or your mathematical translation or 
both? If so, complete the English sentence above and your Boolean translation. Hint: When will an 
electric blanket heat the ice? 

2. What relationships do you notice in this and other exercises between (i) linguistic fundamental 
elements (clauses, nouns, verbs, adjectives, etc.) on the one hand and (ii) corresponding mathematical 
fundamental elements (functions, variables, values) on the other hand? 

3. How does the word “if” in the original English sentence affect the translation into a Boolean 
expression? What part of your Boolean expression comes from the word “if” in the English sentence? 

5.7 Equalities in Boolean expressions 

Show that for all values of the Boolean variables a, b and c the following Boolean expression is true: 

[(a=b)=c) = (a=(b=c))] 

Are the following also true? 

[(a=b)=c) = (a=(b=c))] = [(a=b) ∧ (b=c)] 

[(a=b)=c) = (a=(b=c))] = [(a=b) = (b=c)] 

[(a=b) ∧ (b=c)] = [(a=b) = (b=c)] 

If a, b and c are numerical variables instead of Boolean variables, are your answers to the above 
question still true? If not, what are the differences? Are all of the above Boolean expressions still 
valid? If not, which and why not? 

5.8 Implication vs. equality 

In section 2.2, number 26, you showed that 

((a ⇒ b) ∧ (b ⇒ c)) ⇒ (a ⇒ c) 

is true for all Boolean values of a, b and c. Is it also true that 

((a ⇒ b) ∧ (b ⇒ c)) = (a ⇒ c) 

i.e. what is the difference, if any, between implication ⇒ and equality = ? How would you summarize 
in English the mathematical difference? 

Compare a ⇒ b, b ⇒ a and a = b in a truth table. Which, if any, of the following Boolean expressions 
below is/are always true? 

((a ⇒ b) ∧ (b ⇒ a)) ⇒ (a = b) 

(a = b) ⇒ ((a ⇒ b) ∧ (b ⇒ a)) 

((a ⇒ b) ∧ (b ⇒ a)) = (a = b) 

5.9 Designing a 7 segment display 

Many small electronic devices such as calculators, clocks, radios, watches, etc. display digits and a 
few other symbols with a combination of short line segments in a fixed configuration. An example 
is: 
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Each segment is represented by a letter (a, b, etc.) as shown below 

and is switched on (lighted) or not (background color) depending upon an electrical signal represented 
by the Boolean variable sega, segb, segc, ... segg. For example, if the value of the Boolean variable 
sega is true, then segment a will be on, otherwise it will be off. It should be on (true) to display a 2 or 
3 but off (false) to display a 1 or 4 as in the above figure. 

The output of the circuitry driving the display is a 4 bit binary number (0 is represented by the Boolean 
value false, and 1, by true). If this number is 0 to 9 inclusive the corresponding decimal digit should 
be displayed. If the binary number is 10 to 15 inclusive, a letter A through F should be displayed as 
shown in the following figure: 

 

 
Exercise: Develop and simplify the Boolean expressions for the variables sega, segb, segc, segd, 
sege, segf and segg as Boolean functions of the variables bit1, bit2, bit4 and bit8. Can you identify 
intermediate variables – e.g. for commonly occurring intermediate expressions – that would result in 
a less extensive logical diagram with the inputs bit1, bit2, bit4 and bit8 and with the outputs sega, 
segb, segc, segd, sege, segf and segg? 

Hint: Construct a table (see the “truth tables” in section 2.1 above) for the output variables sega, segb, 
etc.. 

b
c a 

g 
f e d 

0000 0001 0010 0011 0100 0101 0110 0111 1000 1001 

bit1 
bit2 
bit4 
bit8 

1111 1010 1110 1011 1101 1100 
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5.10 Boolean algebra and mathematical theorems in general 

Prove that a Boolean variable a and the Boolean expression a=true always have the same value, i.e. 
that 

 (a) = (a=true) 

for all (both) values of a. In other words, show that the above Boolean expression is a tautology. 

Hint: use a truth table. 

Note that this simple, almost trivial Boolean expression is the logical basis for mathematical theorems 
and mathematics itself. 

6. Summary 

Every mathematical theorem is a Boolean expression, that is, a mathematical expression with a 
Boolean value. The proof of the theorem is nothing other than a proof that the value of the theorem’s 
Boolean expression is the Boolean value “true” for all values of the variables appearing in the 
theorem’s Boolean expression. In the case of a proof by contradiction, this is done by proving that 
the negation of the theorem’s Boolean expression is false. Thus, Boolean algebra – logical algebra – 
underlies all mathematics. 

Although Boolean algebra, having only two values (false and true), is the simplest part of mathematics 
that is useful, it is applicable to a wide and significant range of practical problems. It is the basis for 
the logical design of computer hardware and software as well as control systems for a great variety 
of practical applications. 

Set theory in mathematics deals largely with whether certain values are or are not in particular sets, 
so the fields of Boolean algebra and set theory are closely related. But that is a topic for another time. 

-  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  -  - 

This document is available at 
RLBaber.eu/Professional/MiscWritings/IntroductionBooleanAlgebra.pdf. 

Please send questions, corrections and comments to me by email. 
You may pass this file on to anyone who would be interested in it. 

 

 

 

 

  

http://rlbaber.eu/Professional/MiscWritings/IntroductionBooleanAlgebra.pdf
mailto:Bob@RLBaber.de?subject=An%20Introduction%20to%20Boolean%20Algebra
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Appendix 1: Work sheets for truth tables: 2 variables, narrow columns 
 
 

a b       

F F       

F T       

T F       

T T       

 
 

a b       

F F       

F T       

T F       

T T       

 
 

a b       

F F       

F T       

T F       

T T       

 
 

a b       

F F       

F T       

T F       

T T       
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Appendix 2: Work sheets for truth tables: 3 variables, narrow columns 
 
 

a b c      

F F F      

F F T      

F T F      

F T T      

T F F      

T F T      

T T F      

T T T      

 
 
 
 
 

a b c      

F F F      

F F T      

F T F      

F T T      

T F F      

T F T      

T T F      

T T T      
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Appendix 3: Work sheets for truth tables: 2 variables, wide columns 
 
 

a b        

F F        

F T        

T F        

T T        

 
 

a b  

F F  

F T  

T F  

T T  
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Appendix 4: Work sheets for truth tables: 3 variables, wide columns 
 

a b c      

F F F      

F F T      

F T F      

F T T      

T F F      

T F T      

T T F      

T T T      
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a b c  

F F F  

F F T  

F T F  

F T T  

T F F  

T F T  

T T F  

T T T  
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